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Abstract. Given an A"-dimensional compact manifold M and a field Ik, F. Cohen 
and L. Taylor have constructed a spectral sequence, £(M,n,Ik), converging to the 
cohomology of the space of ordered configurations of n points in M. The symmetric 
group E n acts on this spectral sequence giving a spectral sequence of E„ differential 
graded commutative algebras. Here, we provide an explicit description of the invariants 
algebra (E\, di) E ™ of the first term of £ (M, n, Q). We apply this determination in two 
directions: 

- in the case of a complex projective manifold or of an odd dimensional manifold 
M, we obtain the cohomology algebra H* (C n (M); Q) of the space of unordered config- 
urations of n points in M (the concrete example of P 2 (C) is detailed), 

- we prove the degeneration of the spectral sequence formed of the £„-invariants 
£(M,n, Q) E " at level 2, for any manifold M. 

These results use a transfer map and are also true with coefficients in a finite field 
F p with p > n. 



Given an iV-dimensional compact manifold, M, define the space F(M, n) of ordered 
configurations of n points in M, as 

F(M, n) = { (a?i,ac 2 , • • • , x n ) | x t ^ Xj , for % ^ j } . 

The symmetric group S n acts freely on F(M, n) by permutation of coordinates. Here 
we are interested in the orbit space C n {M) = F(M,n)/T, n called the space of unordered 
configurations of n points in M. The determination of the homotopy type, even of the 
rational homotopy type, of the spaces F(M,n) and C n {M) is a hard problem. 

Let ft; be a field. The principal tool for the determination of the cohomology algebra of 
F(M,n) is a spectral sequence £(M,n,Jk) of graded commutative algebras constructed 
by F. Cohen and L. Taylor in 0. This spectral sequence converges to H*(F(M,n);Jk) 
and has a i?i-term that we briefly recall now: 

= ((H*(M;lk)® n ®A 1 < iJ < n e ij )/I,d 1 ). 

The elements of (® n H(M;lk)) t have bidegree (t, 0), the eij bidegree (0, N — 1) and the 
differential denoted by d\ is the first non-zero differential. The symbol AV denotes the 
free commutative graded algebra on the graded vector space V. The ideal / is generated 
by the elements e^e^ + e jk e k i + e ki eij, e?-, - (-l) N eji and (p*(a) - p*(a)) (8) e-ij 
where pi : M n — > M is the projection on the i th factor. Finally, 

di(eij) =p*j(A), 

where pij : M n — > M 2 is the projection on the i th and the j th factors and A £ H N (M 2 ; Ik) 
is the diagonal class. 

The symmetric group E n acts on (E\, di) by permuting the coordinates in H*(M; lk)® n 
and on Ai<ij< n e^j by a(eij) = e a {j\ a u\ ■ With this action, the spectral sequence £(M, n, Ik) 
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becomes a spectral sequence of X„-algebras and creates a spectral sequence 6 (M, n, #c) Sn 
consisting of the £ n -invariants of each stage. With the basic results recalled in Section^ 
observe that, for Ik = Q, or for Ik = ¥ p and p > n, the spectral sequence £(M,n,lk)^ n 
converges to H*(C n (M);lk). 

This work is concerned with the study of the degeneration of the spectral sequence 
£(M,n,lk)^ n and its implication in the determination of the cohomology algebra of 
H*(C n (M);lk). 

First recall the particular situation of a smooth projective complex manifold M and 
Ik = Q. I. Kriz (|14j) and B. Totaro (^H]) prove that the differential graded algebra 
(E\,di) is quasi-isomorphic to the Sullivan minimal model of the space F(M,n) which 
means that (E\,di) contains all the rational homotopy type of F(M,n). In particular, 
in this case, the spectral sequences S(M, n, Q) and S(M, n, Q) s ™ collapse at level 2 and 
H*(C n (M);Q) ^ H{E ll d{f n as algebra (see Theorem 8 and Corollary 8c], O 
Remark 1.3] and |191 Corollary 1 of Theorem 5]). For more general manifold we do not 
have a model for the rational homotopy type except for n = 2 by a work of P. Lambrechts 
and D. Stanley (US). 

As we see in the particular case of a projective complex manifold and Ik = Q, we have 
first to understand the invariants algebra (-Ei,c?i) Sn . We do that for any field Ik and 
prove in Theorem of Section |3] that, for N even, we have an isomorphism 

Ef n * , with = ®S Tn ~ 2r ( H ) ® n^- 1 //), 

where T J (V) C T J (V) denotes the invariants subspace for the action of the symmetric 
group by permutation of the factors. The law structure induced on by this 
isomorphism is described in Theorem |7| In the case Ik = Q or Ik = F p with p > n, this 
result becomes 

Theorem 1. Let M be a N -dimensional compact manifold with N even and let Ik = Q 
or Ik = ¥ p with p > n. We denote by • the multiplication law of the cohomology algebra 
H = H*(M;Q). Then there is an isomorphism of graded algebras 

(Ex,dxf n * (C*,d) , with C* = (el.% 21 A n " 2r (H) ^{s N ~ 1 H),d) . 

where the multiplication law on depends only on the multiplication law • on H and 
is described in Theorem^ The differential 

d: A n ~ 2r (H) ® A r (s N - 1 H) A n ~ 2r+2 (H) ® A^is^H) 

is determined by 

d(e A . . . A e ® s N ~ 1 a) = i ^(-l) |6 fc | e A . . . A e A (a • b k ) A b' k , 

k 

where eo is the unit of H , the {bi} form an homogeneous basis for H and the {&■} are 
the dual basis for Poincare duality. 

The differential d of a general element is expressed in Definition |HJ If we consider 
C H = ® n Cn = AH <g> A(s N ^ 1 H), it appears from Definition El that the differential d 
is also a differential of algebra for the usual product on AH (g) A(s N ~ 1 H). Denote by 
r sec (M) the space of sections of the sphere bundle associated to the tangent bundle of 
M. The commutative differential graded algebra AH (g> A(s N ~ 1 H) with the usual product 
is the model of r sec (M) already determined in The fact that our fit together 
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and give this model corresponds to the link between r sec (M) and V ra >oC n (M) revealed 
in [TS|, see also 0. 

In the case of a complex projective manifold M , the Kriz-Totaro result recalled above 
gives an isomorphism of algebras between H*{C n (M); Q) and H(C^ , d). This description 
is effective and in Section[51 we can determine explicitely the rational cohomology algebra 
of the unordered configuration spaces of n points in P 2 (C): 

Theorem 2. The rational cohomology of the unordered configuration spaces of n points 
into P 2 (C) is given by 

n = 1, 2 Ax/x 3 \x\ = 2 ; 

n = 3 A(x, y)/(x 3 , yx 2 ) \x\ = 2 , \y\ = 3 ; 

n>4 A(x,y)/x 3 \x\ = 2 , \y\ = 3 . 

In the more general case of a real manifold, recall that the homology vector space 
H*(C n (M); Ik) has been described, when N is odd, by C.-F. Bodigheimer, R. Cohen and 
L. Taylor in [1], and, when iV is even and Ik = Q, by Y. Felix and J.-C. Thomas in 
From these results, we deduce: 

Theorem 3. For any manifold M , the spectral sequence formed of the Y> n -invariants, 
£(M, n,Q) Sn , collapses at level 2. 

Observe that this theorem contrasts with a recent result of the first author and J.- 
C. Thomas. Answering a question of M. Bendersky and S. Gitler ([!]), they prove that 
there exist manifolds M for which the spectral sequence £(M,n,Q) does not collapse at 
level 2. see 

The result of [I] being true over the field ¥ p , we have also 

Theorem 4. Let M be an odd dimensional manifold and let Ik = Q or Ik = ¥ p withp > n. 
The spectral sequence £(M,n,lk)^ n collapses at level 2 and the cohomology algebra of the 
unordered configuration space is isomorphic to A n {H). 

As a conclusion, observe that two cases are not covered by our study and they lead to 

Open Problem 1. Does the spectral sequence £(M, n,F p ) s " collapse for an even di- 
mensional manifold? 

What is missing for answering is the knowledge of the homology H*(C n (M); ¥ p ) as 
we have it over Q in the even dimensional case. Notice now that Theorem |21 gives an 
information on the algebra structure of H*(C n (M); Q) only up to a filtration. 

Open Problem 2. Can we recover the algebra structure of H* (C n (M);Q) in all cases? 

We know the algebra structure when M is odd dimensional, when M is projective 
complex or when n = 2 (see ^H]) but not in the general case. 

In Section Q we recall some basic facts concerning equivariant homology and co- 
homology. Section |2 and Section |3] are concerned with the space of S n -invariants of 
ff( n ~ 1 )( 7V ~ 1 )(F(lR 7V ,n);lk) and Ei respectively. Section |U is devoted to the differential 
graded algebra (C^,d) and the proof of Theorem ^ It contains also the proof of The- 
orem |3] in the even dimensional case. As an example we give in Section |S] a complete 
description of the cohomology algebra of the configuration spaces of n points in the 
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complex projective space P 2 (C). In Section H3 we study the case of odd dimensional 
manifolds and prove Theorem 0J 



1. Equivariant homology 

Let G be a finite group and let Ik be a field. A G-cdga is a commutative differential 
graded algebra [A,dX) with H°(A,dA) = Ik, on which G acts by cdga maps. The 
invariant subspace (A, dA) G defines a sub cdga of (A, d^)- Recall some basic facts on 
these objects: 

Proposition 1. Let Ik be afield of characteristic that does not divide the order of G and 
let f : (A,dA) — * (B,ds) be a G-equivariant quasi-isomorphism. Then, we have 

1) f G : (A,dA) — > (B,ds) G is also a quasi-isomorphism; 

2) H((A,d A ) G ) = (H(A,d A )f. 



Proof. 1) Let a € (A,dA) G be a cocycle and suppose that / (a) = d(b), then /(a) = db 
and a = d(c). Since a is invariant, a = d (j^ J2 g ec9 ' c ) • This shows that H(f G ) is 
injective. 

Let now b € B G be a cocycle. Since / is a quasi-isomorphism, there is a cocycle 
a G A and an element c £ B such that f(a) = b + d(c). Therefore / Yl g eG9 ' a ) = 

b + d (-^ SgeG 9 ' c ) • Thus H{f G ) is also surjective. 

2) The second statement is a consequence of the existence of the canonical inclusion 
A G -> A and of a : A -> <r(a) = X^eG 5" a - n 

Let X be a simplicial complex with a (simplicial) action of G. Recall from G. Bre- 
don ( 5, Page 115]) that the action is regular if, for any go,... ,g n in G and simplices 
(wo, • • • ,v n ), {govo, ■ ■ ■ ,9nV n ) of X, there exists an element g € G such that gvi = giVi 
for all i. By Proposition 1.1, Page 116], the induced action on the second barycen- 
tric subdivision is always regular. Here, by a G-space, we mean a connected simplicial 
complex on which G acts regularly. 

Denote by C(X) the oriented chain complex of X and observe that C(X) is a module 
over the group ring Z[G] of G. The canonical simplicial map p: X — > X/G induces 
p*: C(X) C(X/G). Define now a: C(X) -» C(X), c ^ E 9e cf c - 0ne has KercJ = 
Ker . Therefore a induces a 



C{X) 




C{X/G) 

such that a o = cr. One can prove: 

Proposition 2 ([SJ Page 120]). Let Jk be afield of characteristic that does not divide the 
order of G and let X be a G-space. Then there are isomorphisms 

C*{X/G; Ik) ^ C*{X; lk) G and C*(X/G; Ik) C*{X; lk) G . 
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In the case Ik = Q, when X is a G-space the group G acts on the Sullivan algebra of PL- 
forms on X, Apl(X), (^Hl)- A similar argument identifies Apl{X/G) with Apl{X) g . 
Moreover, a G-cdga (A,d^) admits a minimal model 

V?: (AV.d) -^(A,d A ) 

with an action of G on (AV,d) making 93 G-equivariant (^3]). This model is unique up 
to G-isomorphisms. We call it a G-minimal model and Proposition ^hnplies 

Proposition 3. Let (AV,d) ^ Api(X) be a G-minimal model of the G-space X, then 
the fixed point set (AV,d) G is a model for Apl{X/G). 

This means that the cdga's (AV, d) G and Apl(X/G) have the same minimal model. 

2. X n -IN VARIANTS OF #("-1X^-1) (F(R N , n); Ik) , N EVEN 

The computation of H*(F(M. N , n); Ik) has been realized by F. Cohen in j^j, 

H*(F(R N ,n);lk) = Ai<ij< n e itj / 1 

where I is the ideal generated by the elements e^j — (—l) N ej t i and the elements eijej^ + 
&j,kek,i+ek,iei,j- Here the elements ejj have all degree N—l. A basis of the cohomology is 
given by the products ei 1 j 1 ei 2 j 2 . . . ei r j r where for each s, i s < j s and ji < j% < ■ ■ ■ < j r - 
The permutation group T, n acts naturally on A(ejj) by cr(eij) = e a u\ a uy 

In this section, we prove 

Theorem 5. For n > 3, one has tfC"- 1 )^- 1 ) (F(R N , n); = 0. 

In ^7j) Ossa makes a decomposition of the homology of the configuration space 
F(R N ,n) as a module on the ring group Z[S n ], see also Lemma 5.2]. As in |17j . our 
starting point is similar: we replace the study of configuration spaces in the setting of 
trees. 

We denote by Q n the set of connected trees with n vertices, denoted 1,2, ... ,n, and 
with edges (i,j) naturally oriented from i to j if i < j. For sake of simplicity we will 
always denote the edges (i,j) with i < j. 

Define G n as the the quotient of the vector space over Ik, constructed on the elements 
of Q n , by the following relation: if a graph G contains the edges (i, k) and (j,k) with 
i < j, then G = G' — G" , where G' is obtained by replacing the above edges by the edges 
(i,j) and (j,k) and G" is obtained by replacing the above edges by the edges (i,k) and 
(i,j), i.e.: 



k k k 




i i i 



Observe that an iteration of this relation allows a choice of representing elements such 
that each vertex is the end of at most one edge. 

The group E n acts on Q n par permutation of vertices and this action induces an 
action on the vector space G n . Since a tree is completely determined by the sequence 
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of its edges, we associate to a tree with edges (i s ,j s ), s = 1, 



1, the element 



e h,ji e i2,j2 ■ ■ ■ e i„-i,j„-i °f A( e M')- This defines an isomorphism of S n -vector spaces 

G n ^ H^'^-^iFi^ ,n);lk) . 
The proof of Theorem is reduced to the study of G^™ ■ 

We now consider the stabilizator £ n _i of 1 in ^jfb and we denote by C n the graph in 
Q n whose edges are (1, 2), (1, 3), . . . , (1, n — 1). 



Lemma 4. For n > 3, one has G n 7 



flv Cm 



Proof. We suppose by induction on n that this is true for k < n — 1. We then decompose 
G n as a direct sum 

G n — (Bp<n— \G n p , 

where G riiP is the sub-vector space generated by the trees T whose components T\ and 
T2 of 1 and 2 in T\(l, 2) contain respectively n — p and p vertices. The wedge T\ V T2 
injects into T and we identify each Tj with its image. 

Let a € Gn" -1 , then a = ^2 p a P , a p € G niP and each a p is invariant by the subgroup 
S„_2 that fixes the vertices 1 and 2. In particular, via the injection T\ <—> T, the group 
S„_p_i acts on G njP , and by restriction we have a surjective map 



G 



By induction this implies that a p is a linear combination of trees in which T\ = C n _„. 
That means that the trees in this decomposition have the same form but not the same 
indexing on vertices. In the same way, we can suppose that Ti = C p . We consider now 
the index 3 and we can write 



j 



where the are trees T with T\ = C n -„, T2 = C„ and 3 £ T2 



Cl; 



and the a'j are trees T with T\ 



C n - P , T 2 = C p and 3 G T\. 



> p - 1 
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Denote by a the permutation (2,3) of the vertices 2 and 3. Then the image by a of the 
graph Gtj is the linear combination et^i — with 



and 




The image of a'j by a is a graph of the form 



> p - 1 



If we decompose each element a^i, a^, °"( a j) i n the direct sum © G n>p one has 0^2 G G n ,li 
cr(a'j) G G n> i and a^i G Therefore, the equality a = <r(a) implies = for 

p > 3. But now, by a decreasing induction on p, one notices /Jj = for 
a'j G G„ iP , p > 2. Thus, 



n 




+ 







I 



and 



a(a) 



a 




Therefore a = and G^"" 1 = Zfc C n . 



+ 



09 -a) 



n. 



Proof of Theorem^ Let a G G^ n , then a = aC n . Denote r = (1,2). Since r(a) 
must be equal to . 



□ 

a, a 
□ 
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3. X n -IN VARIANTS OF THE COHEN-TAYLOR ALGEBRA E\, N EVEN. 

Let M be a compact even dimensional manifold of cohomology algebra H = H*(M; Ik). 
The symmetric group Ej acts on H® 1 by permutation of factors and we denote by 
T 3 H C H®! the subspace of Sj-invariant elements. 

Recall from Section |5J the existence of a correspondence between connected trees with 
n vertices and i/( n_1 )( iV_1 ) (F(M, n);lk). This correspondence can be extended to the E\ 
term of the Cohen- Taylor spectral sequence. Grants to the relation (p*(a) — p*(a)) <g> e^, 
one has 

E x = ® geTn H® 1 ^ ■ G, 

where T n denotes the set of forests (i.e. disjoint union of trees) with n vertices which 
are the end of at most one edge and where 1(G) denotes the number of components of 
G. We will make more precise this isomorphism in a particular case of forests we are 
interested in. 

Let < r < n/2 be an integer and denote by V T the set of r-uples of disjoint pairs / = 
{(k,ji), (h,h), ■ • • ! (ir,jr)} with i k < j k for k < r and 1 < it < i 2 < . . . < i r < jr < n. 
(Disjoint pairs means i u ^ j v , j u ^ j v for all u and v.) 

To any I G V r , we associate the element e/ = j 1 ■ • • ej r j r and we note I\ = 
{ii, . . . ,i r }, I' = ■ ■ ■ >V)ii) • • • ,jr}- Fo r any fixed I E V r , we define a linear map 

7/ : T r (s N ~ l H) ^T r (H)- ei 

by 'yi(s N - 1 x 1 <g> • • • <g> s^V) = (-l)( N - 1 )(M+ 2 \'^\+-+ r \ x r\) Xl ® . . . ® av • ej. We define 
a £ r -action on the domain and the target of 7/ by permuting the factors in T r (H), 
T r (s N ~ 1 H) and the pairs in /. The map 7/, being clearly E r -equivariant, induces a map 

1I :T r (s N - l H)^T r H -a. 

We define (pj : H® n ~ 2r — ► iJ®* 1 by inserting the element 1 £ if in the position 
belonging to I' and the map ipj : T® r (s N ~ 1 H) — ► ij® n • e/ by composition of 7/ with the 
insertion of the element 1 in position not in I\. 

The central object of this section is the map 

$ r : r n ~ 2r H <g> T^s^" 1 ^) -» £1 

defined by 

$ r (a®/3) = M»)-MP)- 
ieVr 

Theorem 6. The image of the map 

$ : {r n ~ 2r H T r (s N - 1 H)) - £?x 

is the space E 1 n of 'En-invariant elements of E\. 

Proof. Recall E\ = ®G&F n H^ 1 ^ ■ G . where 1(G) denotes the number of components of 
G. 

Let S = (si, S2, • • • , s g ) be a sequence of integers with 1 < s% < S2 < • • • < s 9 . We 
denote by the set of elements in T n with q components having respectively s±, S2, ■ ■ ■ , 
and s q vertices. The direct sum (BGer s H® q ■ G is a XI n -invariant subspace. If o G .E^ " j 
then we may decompose a in a = ^5 a S) a 5 £ (©Ger^-f^® 9 • G) En . 
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Let fix S and suppose s q > 1. For any sequence 1 < n\ < < ■ ■ ■ < n Sq < n we write 
T,5 = Ti U T2 where T\ denotes the set of forest in T$ in which the vertices n\, . . . , n Sq 
are vertices of a same tree. We consider the group Y> Sq consisting of the permutations of 
the elements n\, . . . , n Sq . This is a subgroup of S n and the subspaces ©ceri-f^® 9 • G and 
@G& 2 H® q ■ G are invariant by the action of £ s . By Theorem |5] and its interpretation 
in terms of trees, one has (©GeriG) Ss 9 = if s q > 2. Therefore, by arguing on each 
element of H® q , one deduces ((BG£r 1 H^ q ■ G) Ss< ? = if s q > 2. Since this is true for any 
sequence n\ < 712 • ■ ■ < n Sq , we have 

{@G& s H® q ■ Gf" = and Ef" (® GeSl H & ^ • G) s " , 

where Q\ denotes the set of forests G in which each component has at most two vertices. 

Let G G Q\. Denote by I = {(h, ji), (12, 32)-, ■ ■ ■ , (in jr)} the element of V r built from 
the components with exactly two elements. We have clearly an isomorphism of S n -vector 
spaces 

® Gegi H® 1 ^ ■ G = el.% 21 ® iePr H® n ~ 2r © H® r ■ ej , 

where the components in H® n ~ 2r correspond to the components not in I', and the 
components in H® r correspond to the components in i 7 , ordered by i\ < 12 < • • • < i r . 
With the previous notation, we thus have 

Sf» = ©K 1 ((B IeVr H® n - 2r © H r ■ ei f" . 

If we fix / G V r , then each permutation a of the set {1, • • • , n}\I' and each permutation 
r of the set of pairs in / preserve H® n ~ 2r ®H r -ei and (Bj-tiH® n ~ 2r '®H® r -ej . Therefore, 

(®iev r H® n - 2r © H r ■ ei f n C (B IePr T n - 2r H © T r H ■ e 7 . 

From the identification {E 1 ,d 1 ) = T.Ger n H&{G) ' G > 

we observe that if a. © /3 ■ ej G 
r n ~ 2r H © T r H ■ ei and a G £ n , then o{a® p ■ ej) = a © ■ e a{l) and a{I) G V r . This 

implies that $ : ©j,™^ 1 (r n ~ 2r H © F^s'^^H)) -> Ef n is an isomorphism. □ 

We define now a multiplication fi on ffij!^ (F n ~ 2r H © r r (s iV_1 -ff)) that makes <3? an 
isomorphism of algebras. 

The graded vector space T*H = Q) m > T m H is a sub-Hopf algebra of the Hopf algebra 
T(H): 

- the multiplication, * : T P H © T q H -> T p+q H, is the shuffle product; 

- the comultiplication V : T m H -> © p+g=m r p F © T q H is defined by 

V — ®p+q=rn^ p,qi ^7 p,q(%l%2 • • • ^m) — ^T • • • -^p © ^p+l • • • 3<w 

By multiplying 2 by 2 the elements of T 2r (H), we define a linear map T 2r (H) — > T r (H) 

X\ © . . . © X2 r l-> (xi • X2) © ... © (X2r-1 • ^2r) 

that restricts to a map 

red : T 2r H -» T r F . 
Finally, we quote two other structures: 

- with the multiplication component by component, v : T n (H) ©T n (H) — > T n (H), 
the spaces T n (H) and r n i/ are graded commutative algebras. 
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- a natural action v of the algebra T n H on r n (s Ar_1 i?) can be denned by 
(ai ® . . . <g> a n ) • (a JV_1 6i <g> . . . <g> s^ -1 ^) = e s^ -1 ^ • 61) ® . . . <g> /"^n • &«), 
with e = (_i)Ey= a |ail(|6il+-+|6i-il)+Er=i<KI_ 

We can now state: 

Theorem 7. Dearie a multiplication fi on ®S ] F n - 2r H®F r (s N - 1 H) by 

H-. \T n ~ 2r H ® T r (sH)] <g> [T n - 2s H ® T s (sH)] T n - 2r ~ 2s H ®T r+s (sH), 

At ((a <8> /3) <8> (7 ® ^)) = ® 7?) ® viredia]) ® /3) * i/(red(a-) (5) , 



is 



w /jere S = V„_2r-2s,2s(a) = Si «i ® «i> V n _2r-2s,2r(7) = Ej7j ® ij an d £i. 

the graded sign of the permutation. With this structure, 3> becomes an isomorphism of 
graded algebras. 

This is a consequence of 

Lemma 5. The following diagram is commutative 

[T n - 2r H <g> T r (s N - 1 H)} ® [T n - 2s H ® T s (s N - 1 H)] — $r ® $3 * E x ® E x 

vault 

,n-2r~2s H ^ ^(s^H) — - E X 

Proof. We denote by • the operations v and v. A simple computation gives 
<Z> r (a®/3) ■ & s (j®6) 

= mult (J2iev r M a ) ■ ^Pj(P), J2ieV s <l>j(i) ' ^j( S )) 

= Eij Y,Kev r+s (J2iuj=k <M a ») ■ <pK(lj) ■ il>i(P ■ reddj)) ■ V>j(red(a^) • 5)) 
= Eij T,Ker r+s <i>K{aaj) -^k({P- redty) * (red(aj) • 5)) 
= <f> r+s ((i((a®P)®(j®5))). 

□ 

Remark 6. The cardinality of the set V r is \V r \ = -, V; r • 

3 (n-2r)\2 r r\ 

For justifying this formula, denote by Q r the set of ordered r-uples of disjoint pairs. 
We have clearly \Q r \ = r\\V r \. If we fix an element in Q r , we obtain an element of Q r +i 
by choosing 2 elements between the remaining n — 2r variables. Therefore, 

(n-2r)(n-2r-l) ,^ , 

IVr+ll — ^ l^ r l ' 



and thus, 

(n - 2r)(n - 2r - 1) 



|Pr|. 



|/r+1| ~ 2(r + l) 

An induction on r based on the last formula gives the result. 
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4. The differential graded algebra C% , N even 

The purpose of this section is to use the existence of an isomorphism between the 
subspace of invariants T n H and the exterior algebra A n H for having a better description 
of the differential graded algebra (.Ei,di) Sn . This will impose some restriction on the 
field Ik. For all this section we suppose that Ik = Q or Ik = ¥ p with p > n. 

Let p n : A n H — > T n H be the symmetrization map defined by 

Pn(xi A x 2 A • • • A x n ) = — ^2 e a x a(1) <g> ■ ■ ■ <g) x a{n) 

where e a is the graded sign of the permutation 

x 1 ...x n ^ x ct(1) . . . x u{n) . 

The map p n is an isomorphism which sends the usual multiplication m A of A n H on the 
shuffle product on T n H. We have now to translate on 

C* = ®S A"~ 2r H ® A r (s N - 1 H) 

the different structures we used for constructing the law of (B^l^r n ~ 2r H ® T r (s N ~ l H). 

Theorem 8. The multiplication law 

[A n ' 2r H ® A r (sH)] ® [A n ~ 2s i7 ® A s (s#)] -» ^'^~ 2s H A r+s (sH) 
is defined by 

(x 1 A...Ax n -2r®syi/\---/\sy r )-(z 1 A...Az n ^2s®st 1 A...Ast s )= (ra _ 2 *_ 2r) i £<t,t Q<t,t®/3 ct ,tA7 ct , t , 

— s = s^ -1 and £ CTiT denotes the graded sign of the permutation, 

— a c<r , /3 a;T and j a;T are defined by: 

C*a,T = (x a (l) • ^r(l)) A ... A (x CT ( n _ 2r — 2s) * z r(n-2r-2s) ) , 

/3<t,t = ■ s (^cr(ri-2r-2s+l) • a; cr(n-2r-2s+2) • *l) A . . . A s(x cr (^ n _ 2 r-l) * x a{n-2r) * ts), 
7<t,t = s0r(n-2r-2s+l) * z r(n-2r-2s+2) * Ul) A ... A s(.2 T ( n _ 2s _i) • Z T (n-2s) * 2/r) • 

We first define a multiplication v' : A n H <g> A n H — ► A n H by 

u'{xi A ■ ■ ■ A x n <g> yi A • • • A y n ) = ^ e a (xi • y CT (i)) A • • • A (x n • y CT(n) ) , 

which makes commutative the following diagram 

A n H ® A n H Pn ® Pn * T n H <8> T n H 

v' v 
" 

A n H »- T n H 

This multiplication extends into an action, denoted v' of A n H on A n (s N ~ 1 H). This 
action corresponds, via p to the action i> of T n H on r ri (s 7V_1 i/), i.e. the following 
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diagram trivially commutes 



A n H <g> A n (s N ~ 1 H) > T n H ® r^/- 1 ^) 



A n (s N ~ 1 H) 



^4 classical diagonal map A' : f\ p+q H — ► A p if (8) A 9 ii~ is defined by 

Ap >9 (xi A • • • A x p+9 ) = A--- Ax ct(p) )® (x CT(p+ i) A--- Ax CT(p+(?) ), 

a£(p,q)Sh 

where (p, <7)<S7i denotes the set of (p, g) shuffles of the set {1, 2, • • • + Since we work 
in free commutative graded algebras, we have also 

A'p ^X! A • • • A x p+q ) = — ^ £ <r( x *(i) A • • • A x a{p )) (x a{p+1 ) A • • • A x a{p+q )) . 



p\q 



The symmetrization map p gives a relation between A' pq and A Pi9 in terms of a commu- 
tative diagram 



A P+q H 



A P H <g> A<?# ■ 



Finally a reduction map 

red' : A 2r H -» A r tf 

is defined by 

red'(xi A • • • A x 2r ) = 2 r ^ £/ (x^ • x^ ) A • • • A (x ir • Xj r ) 

= ^ ^2 £a ( X °W * Xct ( 2 )) A • • • A ( X <x(2r-1) • ^a(2r)) 
crGS n 

This reduction map makes the following diagram commutative 



A 2r H 



P2r 



red 



red 
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Proof of Theorem^ The operations z/, A' and red' fit together into the following com- 
mutative diagram: 

„<»4 

A 2n ~ r H g A r {sH) g A n ~ 2s H g A s (sH)-^T n - 2r H g r r (s#) g T n ~ 2s H g T s {sH) 



<i 



„®3 

A n-2r-2s H g, ^(giT) g A^jJ) £ ^ jm-2i-2.gr g pr^ff) g T s (sif) 



l<g)m A 



1(g)* 



A n-2r-2s H g A^^m ^ T n-2r-2s H g p-+«( a jy) 

pg)2 

where si? = s N ~ l H, m is the usual multiplication in A(— ), * is the shuffle product, and 
g and g' are defined by 

g=(z/<g)z7<gii?)oT , o(l(g) red g 1 g 1 ® red g 1) o (A n _ 2r _ 2s>2s ® 1 <8> A n _ 2r _ 2Sj2r ® 1) 

q' = (y 1 g i/' g i/') o T' o (1 g red' g 1 g> 1 g red' g 1) o (A' n _ 2r _ 2s2s gig) A^_ 2r _ 2Si2r g 1) 
The morphisms T and T' are the permutation maps 

t : r'id g r s h g r r sid g r'id g r r H g r s s# -» (r'id) 02 g r r # g r r s # g t s h g r s s# 

T' : A l H®A s H®A r sH®A l H®A r H®A s sH -» (A l H)® 2 g A r H (£> A r sH A s H <g> A s sH , 
with I = n — 2r — 2s. 

The composition on the right is the multiplication /x on ffi^J^r™ -2 '''// g r r (s Ar_1 i7), 
therefore the composition on the left is a multiplication // on making p a morphism 
of algebras. To determine explicitely //, let 

Si A • • • A x n _ 2r g syi A • • • A sy r g #i A • • • A 2i n _ 2s <8> sti A ■ ■ ■ A st s 

be an element of A 2n ~ r H g A r (sH) g A n ~ 2s H g A s (sH). By applying A^_ 2r _ 2s 2s gig 

A n-2r-2s,2r ® 1) we obtain 

I y 

(n - 2r - 2a)!(2*)!(n - 2r - 2«)!(2r)! ^ ^ ^ 

A • • • A x CT(n _ 2r _ 2s) g x CT(n _ 2r _ 2s+1 ) A • • • A x CT(n _ 2r ) g syi A • • • A sy r 
gz T(1) A • • • A z T(ri „ 2r _ 2s) g z r(n _ 2r _ 2s+1) A • • • A z T ( rL - 2s ) ® st\ A ■ ■ ■ A st s 

We apply now the reduction process 1 g red' g 1 g 1 g red' g 1 and we obtain 
1 



(n - 2r - 2s)\(s)\(n - 2r - 2s)\(r)\ 

%a(l) A • • • A 2 CT ( n _ 2r _ 2s ) 

®{ x a{n~2r~2s+l) * x cr(n-2r-2s+2)) A • • • A (x CT ( n -2r- 1) • X<j( n _2r)) 

gsyi A • • • A sy r g z r(1) A • • • A z r ( n _ 2 r-2 S ) 

®(2 r (n-2r- 2s+l) • z r(n~2r-2s+2) ) A • • • A (z T („_2s-l) • £ r ( n _2s)) <8> stl A ~ ' A st s . 

The last step is the composition with (z/ g P' g z/') o T" which gives 
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(n-2r-2s)\ 

0-eS n _2r,TGS n _2 3 

i x a(l) • z t(1)) A • • • A (x (T ( n _ 2r -2s) * z r(n~2r-2s)) 

®s(y± • £ T ( n -2r-2s+l) • 2 r(n-2r-2s+2) ) A • • • A s(y r • 2 r (n-2*-l) * z r(n-2s)) 
®s(2; ( T(n-2r-2s+l) • ^ CT (n-2r-2s+2) • *l) A • • • A s(x a ( n _ 2 r-l) * £a(n-2r) * *s)- 

This proves the formula for the product. □ 

Before doing the computation of the differential, we need to determine a system of 
generators of this algebra: 

Proposition 7. Denote by eo the unit of H and by ■ the multiplication in Cir . Then — 

n! 

is the unit of and 

n—2r \ / g n— 2 \ ^n— 2r— 2 

syi A • • • A sy r I • ( - — - — — (g> sa ) = - — — (g> syi A • • • A sy r A sa . 



(n-2r)! / V(™- 2 ) ! 7 (n-2r-2)! 

Moreover, the algebra is generated by the elements of f\ n H and by the elements e^~ 2 (^sa. 

Proof. The two first properties are simple computations from the definition of the muti- 
plication. The last one follows from them and from the following relation 

e o ^ A...A,.,V^ 



(n - 2r)! Syi A " ' A Sy V ' [pf)\ A Xl A ' ' ' A Xn ~ 2r 
(xi A • • • A x n -2r £3 syi A • • • A sy r ) G Ai7 (8) (A r sH) >l , 

where the elements x« are of degree > and I is the degree of syi A • • • A sy r . A decreasing 
induction on the degree of elements in A r sH ends the proof. □ 

We may also observe directly from Theorem |H1 that the multiplication law induced on 
A n H is given by 

(ai A ■ ■ ■ A a n ) • {b\ A • • • A b n ) = e a (a CT(1 ) • b x ) A • • • A (a CT(n) • & n ). 

o"£S n 

We now arrive to the description of the differential. Recall first that H = Q)p =0 H p , 
with H = lk£l. The diagonal class A is the element of H ® H defined by 

A = X)(-l)l ft '*l6 i ®&{ 

i 

where the form an homogeneous basis for H and the {b' { } form the dual basis defined 
by 

bi • b'j = SijD, . 

By Poincare duality, for each element h £ H we have (h (g> 1) • A = (1 <g) /i) • A. 

Definition 8. We define a differential d on A n ~ 2r H ® A r (s JV_1 iZ') by 

d(cci A • • • A x„_2 r 8) syi A • • • A sy r ) = 

1 r i-l 

2 J^(-1) |6 * I " H+E; = 1 A • • • A x n _ 2r A ( yi • 6 fc ) A b' k ® s Vl A • • • A sy; A • • • A sy r . 

i=l fc 
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Proof of Theorem Q We are reduced to prove the commutativity of the following diagram 

A n ~ 2r H <g> A r {sH) - > Ei 



d 



di 



A n-2r+2 H g, A r-l( s #) 5 _ 



From Proposition [7[ it is enough to check it in the particular case r = 1 and x\ A ■ ■ ■ A 
x n -2r = Sq~ 2 . On one hand, we have: 

di<I>(e^" 2 ® sa) = (n - 2)! ^ ^(-1)1^1 (8) • • • ® (o • &*) ® • • • ® b' k ® ■ ■ ■ ® 1 , 

where the terms (a • b k ) and 6^, are respectively in positions i and j. On the other hand, 
we have: 

^d{el~ 2 ®sa) = ( re ~ 2 ) ! ^^(-l) 1 ^ 1 I® ■ ■ ■ ® (a»b k ) ® ■ ■ ■ ®b' k ® ■ ■ ■ ®1 

i<jr fe 

+ Ei<j £ fc (-i) |6 ' fcl+|6 ' fcMabfcl 1 ® • • • ® b' k ® • • • ® (a • b k ) ® • • • ® 1 . 

In the first sum the elements (a • bk) and b' k are in positions i and j, and in the second 
sum the elements b' k and (a • bk) are in positions i and j. 

Since TV is even and A = E^-l) 16 ^ ® ^ = Efe(- 1 ) |6fel+|6 ' fel+|6fel ^ ® we have 

J^-l^l+l-M-l^ (a . &fc ) = ^(_1)^+I6il( a . bk) ® 6' fc = ^(-l)l fc ' fc l(a . 6 fc ) ® ^ . 

k k k 

Therefore <3? o d = <ii o <J>. □ 

Proof of Theorem^ N even. Observe that the underlying complex of the cdga (C^ ,d) 
we have described before, is isomorphic to the complex defined by Y. Felix and J.- 
C. Thomas for the determination of the homology vector space H*(C n (M); Q). □ 

5. The space of unordered configurations in P 2 (C) 

In this section, we apply the previous results to the unordered configuration space of 
P 2 (C) and prove Theorem [21 

Let H = H*(P 2 (C);Q). As quoted in the introduction (see also Definition |HJ) , the 
direct sum (© n C^,d) is, as a complex, the commutative differential graded algebra 
(A(x ,x 1 ,x 2 ,y ,y 1 ,y 2 ),d) with \x Q \ = 0, \xi\ = 2, \x 2 \ = 4, \y \ = 3, |yi| = 5, \y 2 \ = 7 
and the differential d defined by 

1 1 

d(x ) = d(xi) = d(x 2 ) = ; d(y ) = x x 2 + -x\ ; d(y\) = x x x 2 ; d(y 2 ) = -x\ . 

Lemma 9. A basis of the reduced cohomology of (A(xo, x±, x 2 , yo, y%, y 2 ), d) is given by 
the classes of the cocycles 

(1) Xq, Xq~ 1 x\ and Xq~ 1 x 2 , for n > 1, 

(2) x™- 3 x iyi - 2x™- 3 x 2 y Q + 4x"- 2 y 2 and x^ 3 x 2yi - 2x™- 3 Xl y 2 for n>3, 

(3) XQ~ 4 xix 2 yi - 2xQ~ 4 x 2 y 2 for n > 4. 
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Proof. We consider the relative minimal model (see |1U| ) 

v — 
(A(x ,0) ^(A(x ,x 1 ,x 2 ,y ,yi,y2),d) >(A(x 1 ,x 2 ,y ,y 1 ,y 2 ),d) . 

Since x\ and x\ form a regular sequence in A(x±, x 2 ), the canonical projection 

(A(x 1 ,x 2 ,y ,y 1 ,y 2 ),a 1 ) -> (A(x 1 ,x 2 ,y 1 )/(xj,xl),d(y 1 ) = xix 2 ) 

is a quasi-isomorphism. The algebra A(x\ : x 2: y\)/ (x\,x^) is finite dimensional and a 
basis of the reduced cohomology is given by the classes of the cocyles x\, x 2 , y\Xi, y\x 2 , 
y\X\x 2 . The morphism H*(p) is surjective because H*(p)([xiyi—2x 2 yo+4:Xoy 2 ]) = [x\yi], 
H*(p)([x 2 yi - 2x 1 y 2 \) = [x\y 2 ] and H*(p)([xix 2 y 1 - 2x\y 2 ]) = [yixix 2 ]. Therefore the 
spectral sequence obtained by filtering the complex (A(xq,Xi,x 2 , yo, yi, y 2 ), d) by the 
powers of the ideal generated by xq collapses at the i?2-term. This gives the above basis 
for the cohomology. □ 

Proof of Theorem^ Let fix n. Then a linear basis of the cohomology of is given by 
the classes 

xg , x%~ l xi , x™~ 1 x 2 , (n > 1) , 
z Q = x%~ 3 x iyi - 2x%- 3 x 2 y + 4x"- 2 y 2 , (n > 3) , 
zi = x^~ 3 x 2Vl - 2x™~ 3 xiy 2 , {n > 3) , 
Z2 = x^'^xxx^x - 2x^~ A x\y 2 , (n > 4) . 

t^v i ^2 ml , . o 

Denote to = — -, t\ = — and t 2 = --. I hen t$ is the unit, and ti = 

n\ [n — 1)! [n — 1)! 

(3 — 2n)t 2 . Moreover, 

[h]-[z 1 ] = (n-3)[z 2 ] 

for n > 4 and 

[h] ■ [zq] = (3-2n)[*i] 
for n > 3. This gives the statement. □ 



6. Unordered configuration space of odd dimensional manifolds 

Proof of Theorem^ The manifold M being odd dimensional, one has eij = —eji and 
the elements are of even degree. We have also to take in account the relation e?- = 
which is automatic for degree reason when M is even dimensional. 

Let a € Ef n = (H® n ® Aejj/J) Sn . We decompose a in a = a n -\ + • ■ ■ «o where 
a r £ K r = H® n (g) e rn <8> A(ey)/J with the remaining such that {(r, n), (r + 
l,n) • • • , (n — l,n)}. For instance, ao G _£/~® n <g) A(eij)i < j <n /I. 

Let s be the greatest integer such that a s 7^ 0. The image r(a) of a by the permutation 
(s,n) satisfies r(a) = — a s + /? with (3 G ®i^ s K,i. Therefore, if a G -Ef™, we have a s = 
and, by induction, a £ (H® n )^ = T n H. 

The first term of the spectral sequence £(M,n,lk)^ n is concentrated in filtration de- 
gree 0. Therefore, the spectral sequence collapses and T n H (which coincides with A n H 
with our hypothesis on the field Ik) is the algebra of cohomology H*{C n {M); Ik). □ 
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As a graded vector space this corresponds to the result previously obtained by C.F. Bd- 
digheimer, F. Cohen and L. Taylor ([!]). Here we prove that, in the case of an odd 
dimensional manifold M, the cohomology algebra of unordered configurations depends 
only on Betti number of the manifold M. 
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